A human pathogen, Neisseria gonorrhoeae (NG), moves on surfaces by attaching and retracting polymeric structures called Type IV pili. The tug-of-war between the pili results in a twodimensional stochastic motion called twitching motility. In this paper, with the help of real time NG trajectories, we develop coarse-grained models for their description. The fractal properties of these trajectories are determined and their influence on first passage time and formation of bacterial microcolonies is studied. Our main observations are as follows: (i) NG performs a fast ballistic walk on small time scales and a slow diffusive walk over long time scales with a long crossover region;
I. INTRODUCTION
Bacteria crawl, glide and twitch over surfaces with the help of pili [1] [2] [3] [4] [5] . These are micrometer sized hairy appendages, composed of oligomeric pilin proteins. Particularly in two dimensions bacterial motility is induced through cycles of polymerization and depolymerization of type IV pili (T4P). While polymerization causes extension of the pilus and subsequent adhesion to the surface, depolymerization induces retraction, release and propulsion. Often, several pili act cooperatively [6] [7] [8] . The motion of the bacterium in this case, as mimicked by the stochastic tug-of-war model, is determined by a vectorial balance of forces between the retracting pili [8] [9] [10] [11] . Typically, a single pilus can generate a force up to 100 pN while a bundle of pili up to 1 − 2 nN and the velocities for surface motility fall in the range 1 − 2 µms −1 [6, 12, 13] . As the number of pili involved in the tug-of-war mechanism is variable, there is an element of stochasticity in the direction of motion and distances traversed by a bacterium in a polymerization-depolymerization cycle. Often these distances are significantly longer than the length of a single pilus. The resulting irregular and jerky movement is usually referred to as twitching motility [14] . Experiments reveal a correlation between multiple pili coordination and directional persistence. The persistence time, over which the direction of motion remains unchanged, exhibits a pronounced rise with increasing number of pili [10] . Some prominent examples of bacterial species with T4P
are Pseudomonas aeruginosa responsible for fatal airway infections, Neisseria gonorrhoeae leading gonorrhoea, Escherichia coli, Salmonella and Shigella inciting bladder and intestinal infections, Neisseria meningitides causing the deadly meningitis and the soil predator
Myxococcus xanthus. A recent study on P. aerugonisa shows that the number of T4P and their angular distribution on bacterial surface determine their motility phases [15] .
Persistence and change of direction in the walk allow the bacteria to explore the surface in search of food, assembling into microcolonies, formation of biofilms, guided tissue invasion and other pathogenesis-related events. It is logical to expect that these search processes are strongly influenced by the properties of the random walk. An important quantifier of a random walk can be obtained by evaluating the so-called Brownian trace [22] . It yields the Hurst exponent α, 0 < α ≤ 1, which is a measure of the roughness of the trajectory and has important implications on diffusion. For example, α = 1/2 implies regular diffusion while α = 1 is a sign of ballistic diffusion. The motion is superdiffusive and persistent if 2 1/2 < α < 1, while sub-diffusive and anti-persistent if 0 < α < 1/2. The Hurst exponent also yields the fractal dimension: In this paper, we use experimental trajectories traced by Neisseria gonorrhoeae (NG) which move on a glass substrate. Each trajectory is of few minutes duration with temporal resolution of 0.1 s. On these time scales, the bacteria are still away from the substrate edge, and the tracks resemble random walks. We analyze them to obtain Hurst exponent and corresponding fractal dimensions. This information is then used to construct models, which mimic motility of twitching bacteria e.g. NG. Monte Carlo (MC) methods are used to simulate bacterial walks on an L×L surface to study the influence of the walk characteristics on the FPT and the formation of colonies and biofilms. Their morphological characteristics such as the fractal dimensions are evaluated. The main results of our study are as follows:
(a) The step lengths in the NG trajectories obey an exponential distribution: P (l) =
(1/l p ) exp (−l/l p ) with the persistence length l p 2 µm [10] .
(b) The Hurst exponent evaluated from these tracks exhibits a long crossover from a ballistic regime (α 1.0) to a diffusive regime (α 0.5), as the window of observation increases. A large volume of work has emerged to understand the role played by the local environment on the formation of bacterial microcolonies and biofilms [20, 23] . One of the main reasons for this intensive research activity is because they offer protection to pathogens from antibiotic attacks, and are at the root of chronic infections [24, 25] . In this context, understanding the formation and morphology of biofilms could help optimize strategies for their removal. To the best of our knowledge, there are no experimental or theoretical studies which correlate the Hurst exponent and fractal dimension with FPT and the subsequent formation of aggregates and biofilms. Our analysis therefore provides fresh insights on this topic using simple methodologies from statistical physics. We emphasize that they are generic to the wide class of micro-organisms with T4P exhibiting twitching motility.
The rest of the paper is organized as follows. In Section 2, we provide experimental trajectories showing the characteristic twitching motility of NG. Evaluations of step-length distribution, persistence length, Hurst exponent, first passage time (FPT), etc. are also provided in this section. Section 3 discusses our model and boundary conditions which mimic the twitching motility of prototypical NG. Computer simulations to understand the role played by the persistence length and Hurst exponent on FPT, growth of bacterial colonies and their morphologies are also discussed. We also compare our inferences from simulations with a variety of bacterial colonies observed in laboratory experiments. Finally in Section 4 we provide a summary and discussion of our results.
II. ANALYSIS OF RECORDED NG TRAILS
We first analyzed experimental trajectories of NG on glass slides from the experiments of B. Maier's group [10, 26, 27] . The trajectories were kindly provided by C. Meel and B.
Maier. In these experiments, movies tracking their positions were recorded by a microscope with a temporal resolution of 0.1 seconds for 2 minutes. The details of sample preparation and the tracking experiment can be found in reference [10, 26, 27] . A few of the NG motility tracks are provided in Fig. 1 
We adopt the following procedure to calculate the step length distribution P (l) vs. l from the bacterial tracks. A new step is assumed if the directional change is 45
• [10] . The step length l is then the distance travelled by the bacterium before this change. We find that the distribution is:
consistent with the observations made in reference [10] from an analysis of NG tracks.
The parameter l p is referred to as the persistence length. Note that for this exponential distribution, the mean and the standard deviation are equal to l p . The latter has a strong dependence on the number of pili on the bacterial cells. In wild type NG bacteria, the average number of pili is 7 [8, 10] . Consequently, l p is significantly longer than the average pilus length of 1 µm. The average number of pili for E. coli, C. xerosis and C. pyogenes is 10,
while that for C. kutscheri, C. diphtheriae and C. pseudodiphtheriticum is 100 [10, 28] .
We expect l p to be much larger for these species.
Next we quantify the irregularity in the bacterial tracks. A convenient measure of roughness is the Hurst exponent. The latter is evaluated by constructing the Brownian trace.
Suppose the position of the random walker at time t = 0 is the origin: (x(0), y(0)) = (0, 0).
If R(t) is the distance of the walker at instant t, then R(t) = ( 
where the angular brackets indicate an average over the all the time intervals of length T s .
Further, the trace generally obeys the form
where α is the Hurst exponent. It conveys important properties of the Brownian trajectory.
α > 0.5 indicates persistence while α < 0.5 indicates anti-persistence. While the former is the tendency of the walker to maintain the direction of motion in subsequent steps, the later implies directional reversal in subsequent steps. Further, a slow, diffusive (regular) random walks has a Hurst exponent α = 0.5. Ballistic walks of super-diffusion is characterized by α > 0.5, while sub-diffusion by α < 0.5.
In Fig. 1(b) we plot ∆R(T s ) vs. T s averaged over 10 NG trajectories on a log-log scale.
For small values of T s ∼ 1 s, the Hurst exponent α 1. On short time scales, the walks are persistent, super-diffusive and fractal. At larger values of T s , there is a crossover to α 0.5
indicating that the coarse-grained motion is akin to a regular diffusion. These observations suggest that the bacterial walk is a superposition of a faster directed motion on small time scales and a slow regular diffusion or random walk over longer time scales. We note that in a recent study on the random walks of P. Aeruginosa [15] has also characterized different regimes of motility by different exponents. Compared to two motility regimes that we see here, additional regimes corresponding to self-trapped localization and sling shot motion are also observed in P. Aeruginosa which are not seen in NG.
III. MODEL AND SIMULATION RESULTS
A. First Passage Time:
The features of experimental trajectories provide us with guidelines to construct a coarse grained model to mimic bacterial motility. Our model does not take into account the details of tug-of-war mechanism. Rather, it relies on walk characteristics such as the step length distribution, persistent time and Hurst exponents. The bacterium, moving with the velocity v = 1.5 µms −1 , executes a random walk confined to a L × L surface. The simple confinement that we consider here can be generated experimentally [9] . In addition, bacteria may face such confinements in their natural environment either due to walls, for example in porous materials, or due to surfaces with different chemistries. The step lengths l are drawn from the exponential distribution of Eq. (1) and the direction of motion is selected randomly from the uniform distribution [0, 2π). The time taken for a step of length l is therefore l/v. In our model the motion is subjected to the condition that the movement along the boundary continues with the parallel component of the velocity, from the first hit until a direction leading to the interior is selected in the course of the random walk. This is one of the standard boundary condition for active Brownian particles [29] . We have performed our simulations for several values of L ranging from 30 to 2000 µm. We choose a large variation for l p from 0.1 to 100 µm to understand the properties of random walks with exponentially distributed step lengths in general and bacterial walks in particular. All data unless mentioned has been averaged over 10 6 walks. Using the above model, we now study the connection between persistence length l p , Hurst exponents and system size on the FPT. As discussed earlier, the latter is very consequential for search of food, spread of diseases and formation of microcolonies. It is an important quantity in the context of target search and provides a timescale for spread of infection or formation of microcolonies. Fig. 2 shows prototypical trajectories traced by the particle for l p = 0.3, 1 and 10 for L = 200 µm. Over the observation timescale, we find that the bacterium is well within the L × L region, thereby mimicking the experimental walks. A plot of ∆R(T s ) vs. T s on a log-log scale is depicted in Fig. 3 . The solid lines have slopes 1.0 (small T s ) and 0.5 (large T s ). All three data sets yield a Hurst exponent α 1.0 at small T s and α 0.5 at large T s . This crossover has indeed been observed in the experimental walks of Fig. 1 . The dynamics of the NG can therefore be well-described by our model for small as well as for large time intervals T s . It may be mentioned that similar exponents can be also be obtained from the root mean squared displacement. The fractal dimension or the Hurst exponent however is defined in the context of the Brownian trace [22] . 
B. Bacterial Aggregates:
Finally, we study the formation of bacterial aggregates. Biofilms grow by both simple cell division, and by new free floating microorganisms [30] [31] [32] . The resulting morphologies are distinct in the two cases. We believe that such observations are correlated with the distinct walk characteristics on short and long time scales. However, in this work we only study the bacterial aggregates formation and do not take into consideration the bacterial cell division.
Aggregation is however an initial stage of more complex biofilm formation process. Their understanding can provide optimized protocols for treatment of infections and also shed light on communication and survival strategies. Experimental observations show that bacterial movement depends on various environmental conditions such as the amount of food (peptone 9 level) or the hardness of the substrate (agar concentration) [33] [34] [35] [36] [37] . In presence of abundant nutrients and a soft substrate, they move inside the agar and reproduce at a maximal rate.
At high agar concentrations, the substrate becomes hard and the bacteria move only on the surface. It has been observed that with poor nutrients and a hard substrate, the colony has a branched diffusion-limited-aggregation (DLA) structure. Adding nutrients yields thicker branches, while soft substrates and high level of nutrients yield a fully formed disc shaped colony. Coarse grained models of bacterial NG colonies have been studied earlier [38] [39] [40] , but these studies mainly involved the effect of pili on formation of bacterial colonies. s, which is typically the time interval over which α 0.5, see Fig. 3 . As the dendrites grow, (b) indicates a distinct change in the morphology at the periphery. The irreversible aggregation happens over < 10 3 s which corresponds to the fast ballistic diffusion regime with α 1. We therefore conclude that while the DLA backbone is formed by the slowly diffusing bacteria, the thickening is due to the fast ballistic or directed motion at shorter time scales.
In order to characterize these aggregates, we calculate their fractal dimension d f [41] using the relation:
The mass M (r) is calculated within a circle of radius r by incrementing the mass by unity for each particle. To facilitate evaluation of the fractal dimension of the dense morphology accurately, we create the filled structure in (c) by systematically reducing the drop radius.
The corresponding evaluations of the fractal dimension for morphologies in Fig. 5 We expect there exists a characteristic length l * p , which leads to the fastest growth of the aggregates. We thus simulated microcolonies with along the wall boundary conditions at the boundaries of a L × L surface with L = 100µm, and drop radius R d = 10 µm. We then measured the average total time t A taken for the formation of bacterial colonies of N = 5000 bacteria. This is a typical number for which aggregates remain well within the drop radius. Results are shown in Fig. 6 , where a distinct minimum at l p ∼ 1 µm is seen which matches with the minimum seen in FPT. We have also analyzed the experimentally determined morphologies of microcolonies [42] [43] [44] [45] , for a comparison with the results of our model. However, in these experiments, the bacteria were injected at the center of the petri dish and allowed to diffuse. Therefore, the microcolonies are denser near the center but fractal at the periphery due to bacterial diffusion. Thus the morphology is complementary to that generated in our simulations where injection is at the periphery. In Fig. 7 , we evaluate the fractal dimension of the microcolonies obtained under different environmental conditions from their snapshots (see caption for details). Thus, we find, d f 1.9 for the morphology in the center, while d f 1.7
for the delicate branched structures.
IV. SUMMARY AND DISCUSSION
In this paper, we have analyzed the twitching motility of bacteria with Type IV pili such as the Neisseria gonorrhoeae (NG). The step lengths in the NG trajectories obey an exponential distribution: P (l) = (1/l p ) exp (−l/l p ) with the persistence length l p 2 µm.
The Hurst exponent evaluated from these tracks exhibits a crossover from a ballistic regime (α 1.0) to a diffusive regime (α 0.5) as the window of observation increases. The walks are fractal and persistent. The bacterial motion is a superposition of fast ballistic diffusion (directed motion) on small time scales and slow diffusion (random walk) over longer time scales. Computer simulations reveal that for each value of L, there is an optimal value of the persistence length l * p for which the first passage time (FPT) is the least. In experiments, NG bacterium walks can be tuned to have a range of values of l p . So, it will be interesting to see if indeed NG walks show a minimum in t o for some value of l p . The optimal value l * p , also leads to the fastest growth of the bacterial aggregates. Such a minimum could have significance with respect to bacterial fitness and could thus be evolvable. Many bacteria search for a target such as a food source or an emergent colony of their species using chemotaxis, sensing a chemical gradient. However, not all bacteria show chemotaxis. NG is an example that lacks chemotaxis genes. Unless they are guided by mechanical properties of the surface, these bacteria have to find the target by an unbiased random walk. The existence of an optimal persistence length suggests that the search in these bacteria could be optimized by an evolutionary mechanism if in their natural environment they face a characteristic confinement length.
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We have also studied the formation of bacterial aggregates or biofilms. These resemble a diffusion-limited-aggregation (DLA) cluster in the early stages. Morphology of the cluster changes drastically as it grows and one requires different fractal dimensions to characterize the core and the periphery. This complements the crossover seen in the Hurst exponent.
Morphologies indicate that the DLA backbone is a result of diffusive motion at longer time scales and dense structures are due to ballistic motion. We also observe similar behavior in a few experimental bacterial colonies.
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